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. Since the computation is false, there must be a mistake somewhere. Where is it? 
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Based on the previous two questions, it seems that the shape of the graph of a function is related to whether some approximations are an 
overestimate or an underestimate for the integral. As an additional exercise, think about the following questions: 


If f is increasing on la, b], is any of the approximations, Ln , Rn, Mn: Tn guaranteed to be an overestimate for 6 f(x) dx ? What can you 
a 


say about these approximations if f is decreasing? 


If f is concave up on [a,b], is any of the approximations, Ly, Rn, Mn. Th, guaranteed to be an overestimate for E f(z) de ? What can you 


say about this approximations if f is concave up? 


Remember to draw several pictures to help you understand the situation. 


Direction Left Riemann sum Right Riemann sum 


Increasing  Underestimation Overestimation 


Decreasing Overestimation Underestimation 
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Consider the definite integral, A= f? f(x) dx, where f is a continuous function. 


In Calculus I, the definite integral was defined as the limit of a Riemann sum, provided 


that the limit exists. Moreover, we learned that: 


b 
lim Bel f(x) dx = lim Rp 
noo a noo 


* 
« Theoretically)speaking, do the approximations from lay and R, allow us to 


satisfy any error tolerance that we are given (no matter how small)? Justify. 


Yes. 


e Are ther criteri phat make one technique more favourable than another? 


ve 
“Coop” apprmumation. Ee Small Values m 


If we would like to use simpler functions to approximate more complex ones, which 
family of functions should we choose? Justify your answer. 


[A of n you choose. 


—— of n you choose. 


1. Determine the set of functions for which Ln = TRO f(x) dx = Rn, no matter what 
value of n you choose. 


fix) = Er C CONSTANT 


2. Determine the set of functions for which Tn = fis f(x) dx, no matter what value 
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Just for Fun! (Optional) 


3. Determine the set of functions for which S, — js f(x) dx, no matter what value 
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Consider the integral TE i dx. Below is a table that allows us to compare Ln, Mn, 
and S, for progressively larger values of n. 


The digits of L, that agree with the digits of the next more refined approximation 
below it are coloured in red. The same was done for M, and Sn. 


n | Ln Mn Sn 
10 .7187714031754280 | .6928353604099602 | .6931502306889304 
100 .6956534304818242 | .6931440556283006 | .6931471808723674 
1,000 .6933972430599373 | .6931471493099519 | .6931471805599762 
10,000 .6931721811849444 | .6931471802474457 | .6931471805599455 
100,000 | .6931496805661950 | .6931471805568196 | .6931471805599466 
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Because functions have different characteristics that influence whether our 
approximations will overestimate or underestimate a definite integral, there is no one 
rule that a/ways approaches to the exact value the fastest. 


However, there are trends for the rules that usually outperform the others. 


.. Drumroll please! 


Midpoint Rule 


Trapezoid al Rule 
Bul mapine/ Rie endpomb app. 


That said, choosing an approximations/rule should not only be determined by speed. 
We should also take into account whether it is best that we yield an overestimation or | 
underestimation (e.g. estimating the hydrostatic force on the surface of a vertical dam 
to determine if safety requirements are satisfied). 


Error bounds for Left-endpoint and Right-endpoint Approximations 


incceasing /decreasin s 
Theorem: Let f(x) be a continuous fußätion-Över [a, b]. If f(x) has a first derivative 
f'(x) over this interval a AIF’ (x)| Bas a maximum value over [a, b] then the error 
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where M > max |f’(x)| 
3<x<b 


Confidence Booster! 


e Using the theorem, for what types of functions will you always yield zero error 
when using Ln or Rn? 
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Bounding Errors: Anticipating the Theorems 


Now that we know the trends for our popular numerical integration techniques, how 


can we use them while also satisfying error tolerances? 
i 
e 


Suppose that | have a 3-D object with an unknown volume, V. If | know that the 
object can fit into a box with a square base that is 5cm in length, and a height of 
4cm, what can | say (with certainty) about the volume of the object? 


The Idea Behind Bounding 


In this course, the most you'll be able to say regarding error bounds is, 
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“If n is larger than , then the error is no larger than " or "If 
| want the error to be smaller than , | can ensure this by taking n 
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Based on what we learned in the video on Part | of Module A4. 
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Error bounds for Midpoint and Trapezoidal Rules 


Theorem: Let f(x) be a continuous function over [a, b]. If f(x) has a second 
derivative f" (x) over this interval and (hus a maximum value over [a, b] then 


the error bounds for M, and T, are given by: 
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where M> max |f"(x)| 
a<x<b 


Confidence Booster! 


e Using the theorem, for what types of functions will you always yield zero error 
when using M; or Tp? 
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Toolbox Checklist for Bounding Errors 


@ | Need index cards? 


When performing the a/gebraic manipulations required to bound errors, there are 
several Precalculus tools that are required, including (but not limited to): 


TAKE 


MATI 


© | Definition of absolute value (geometric and algebraic) 
[©] Properties of Absolute Value (P.O.A.V.) 
© | Properties of Absolute Value Inequalities (P.O.A.V.Ineq.) 
[9] Properties of Inequalities (P.O.Ineq.); esp. the transitive property 
O | Definitions of increasing/decreasing functions 
Add to this list while you practice! 5 
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© Suppose that you would like to approximate the integral, TES ecos(x) dx, using 
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approximation, such that the error is smaller than 10-4 using two approaches: 


a) e Using the graphs of f^ and f^ 
e The graphs have been provided below. However, you are encouraged 
a graphing application (e.g. Desmos) to produce them as well. 


Ib) e Using an algebraic approach 
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Figure 1: Graph of f'(x) Figure 2: Graph of f(x) 
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Computers con solve mony meg als ‚but Computers cannot Come up wi Riemann sums. 
As on Engineer, pu Ge expected to be able do ond ly ze Silughons, qgp oxide, models 
with (- iemonn sum, and finally sole gs an Kegel 


The best muy to develop these skills is to practice Translating models +p Suns: 


Q:|How con we deave H formula do describe the genat. valve. of 
4) =|-50¢ «qopt +3500 for FEEN 


E N 0 e ba of He del is 1-2 = 4 
e | We con slice this interval inl nl subinte vals 
0 5 10 15 SIM] of dei + (i-1) A ced | 
A: © Slice into equal interval Mp) " |" a CNE 
© Assume the value of a slice ig constar Y END In JE) jat | Ea 
© Combine. slices nto a [rie sum Ch CS these we He Fre valves 


---.--- ee ee oe For La, Ra, Ma approximations 
© The valve, of E) in the i-th slice is Per ME the usterisk. signifies the ké of 6 
Ot kome pint in Je |i th slite (this could be He start, mid end, or onere, in between). 
(9 Now Med we have a volve, for FLE) dh ever slice : fa) VS 1 BE FIER), 
We can Fink He weage vale b amin the valves of ECE) at each slice and 
Hen dividing by Ho number òf deal 
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Imagine we want to approximate the area under the graph of f over the 
interval [a, b] with n equal subdivisions. 


Define Az: Let Az denote the width of each rectangle, then Az — = 


Define zi: Let x, denote the right endpoint of each rectangle, then 
zi =a+Ar-i. 


Define area of i^^ rectangle: The height of each rectangle is then f(x;), and the 
area of each rectangle is Az - f (z;). 


Sum the rectangles: Now we use summation notation to add all the areas. The 
values we use for i are different for left and right Riemann sums: 


* When we are writing a right Riemann sum, we will take values of i from 1 
ton. 


* However, when we are writing a left Riemann sum, we will take values of i 


from 0 to n — 1 (these will give us the value of f at the left endpoint of 
each rectangle). 


Left Riemann sum Right Riemann sum 


n-1 n 
Y Ae- f(z) Y Ae- f(a) 
i=0 del 


40507505 —+0.75 
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Moment of Inertia 


Consider an object of mass m attached to a rigid wire of 
me 
length r (assume the wire has no mass). 
It's moment of inertia is 
l= mr? 
The larger the moment of inertia, the more torque is 


needed to achieve a certain angular acceleration: 


ER = mr? 


"How many Nm are necessary to achieve an acceleration 
H REI 
of of one radians per s*? 


3. Imagine you had two masses,(Mj)Jand oat 
distances()and@yfrom the point of rotation. 


What would be the moment of inertia of the whole 
construction? 


THII 


Consider the situation when the mass is distributed along an entire bar. 


5. Bar A is heavy close to the centre and light far 
away from the centre. Bar B is light close to the 
centre and heavy far away from the centre. 


Which of these two bars has the larger moment of 


inertia? t= me? 
Bar A E 
D has More influence. 
on E 


6. What does this even mean: “is heavier at one end” ? 


7. How do we compute the moment of inertia of such a bar? 


N we "build" a bar of infinite length that has a finite moment of inertia? 


$ Use Riemann sudo! | 
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Consider the situation when the mass is distributed along an entire bar. 


9. For a wire with n masses, we found this formula: 
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10. What is the formula if the mass is distributed? 
INCORRECT . 
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Au Riemann sans! 


11. Let's slice the bar into small pieces, carefully choosing 
labels for everything. 


VERY IMPORTANT STEP 
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Riemann Sum Model For Moment of Inertia 
MA 


13. Now let's find an integral formula for the moment of 
inertia of the bar. 
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14. Back to one of the original questions: 
Can we "build" a bar of infinite length that has a finite 


moment of inertia? 
do 


Le Lad a Lucia 


Ure | sl) “dr 


gl? suck het thy ich] 
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(9) 'The amount of heat H stored in a piece of material is given by 
Hi-—ecpVao 


where c is a constant called the specific heat in J/(kg - K) that depends on the material, p is the 


mass density in kg/m?, V is the volume in m?, and T is the temperature in K. 
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Consider a bar of length L made of aluminum with constant density pa and specific heat c4, and 


(x) and temperature T(z). 
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A scientist wants to study the growth of the trunk of a Giant Sequoia. Assume 
the trunk has a circular cross section with radius r(y) at the height of y and the 
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Assume that a Giant Sequoia's trunk is 50% water, uniformly 


distributed throughout the trunk. 


Show that the work it took for the tree to bring water from the ground to fill 


一 一 一 the whole trunk was z 
wtf? | voa 


where p is the mass density of water (in kg/m?) and g is the acceleration due 
to gravity. 
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Suppose that a butterfly is moving with coordinates given by (a(t), y(t)). Use the graphs for x and 
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(a) Consider the function y = x? — 1, where x € R. Determine if each pair 
of parametric equations produces the same graph in the xy—plane. 
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(a) In which direction is the particle moving along the curve? 
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(b) Mark the point on the graph that is associated with 1 = 5. 
Is the slope of the tangent positive or negative? 
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(d) Find the point(s) on the curve where the tangent is horizontal. 
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(a) Use parametric equations to give the position of the centre (a.k.a. hub) of the wheel re/ative to the 
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Polar coordinotes (c, 6) x= (0060 
o | Oe | nd 
A: No! ACUN iS undefined at paints —- @ Ss ech, 
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Below is the Cartesian graph (on left) and polar graph (on right) of r = cos + sin 28. 


A) Trace over relevant portions of the polar graph (on the right) with the same colour (i.e. red, blue, green, 
or magenta) as the related portions in the Cartesian graph (on the lef). ` 


Guiding Questions: 


(i) Where does the polar curve start and end 
for 0 € [0, 27]? 


(ii) How many times does the curve go through 


the pole? Which value is relevant? 


(iii) Describe how local extrema for r show up 


in the graph of the curve. 
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For modules F4-F7, just like for all other modules, computations are a necessary part 
(e.g. computing N, T, K), but not the focus of the course. 


Here is an example for a computation-free question. 


li | . | "mp li . ) — NCS) == ty 


Make sure to 
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aryl ing vedlo- valve Functions | 4p tion in 20/30) spaces , 


egt pojecile, moton |° car driving alom an (ond, 
* ocbits of planes e dllercoastecs Morel 


DEFINITIONS 


position: Pl) 


VELOUTY: P(t) = 14) < velocity al [ROC In positon = fräie d pastor melon 
SPEED + ||. ^ (|| $— | SCALAR! becuse speed [is dicechonless 


ACCELERATION: TA = v" [D = 2 (4) edel. is BI. in peiie of glo) Ju 


O Io 


pasikon int > 


velocity WOT (ET <-önt, cosh > = speed is Constant 


deel NV) Y Esa + (co) FST 1 | so|wa dude de velo N i$ constant” 


(ala [eal t of accelecaso 


axel a(t) = Y (E) = € ose, - see? a BUT econ uw: hey 
i (elocit of ar IS changing E 


Eb 


o 
COMPONENTS OF ACCELERATION: RO = ay, WT) een) Na 
uM eech) vector” ap Leni 


TANGENTIAL Acceleration ale): 


scalar (speed up or slow doun) ; Changes magnitude d velocity vb) 


art) >0 — | accelecaton iw DIRECTION OF unit tangent vector + ) 
a6) = O — NO acceleration ‘ | s E u 医 u n 
art) CO ~~ acceleration n OPP TEDPECTON to TO) 

3 Zo 


NORMAL Accolecation ~ag) Ae 


scuad ( Makes det tin) | changes dicechon ` of velocity PLE) 
ra 


anlt)>0 — accelecaton ih DIRECTION OF principal unt normal vecduc NG) 
it end : U NN u | u 0 n V 


L> Not POSSIBLE! 


NOTE: even if mohon is in 30, acceleranon vectors only exist 
tthe, 20 space spanned ty T) & NU)! 


Eve agen? 
art): changes alnkwC- velocity —s ft speed, SO magnitude = O 


|| ^| same| od oppose direction to ie veloaty 


c) 


Roc jw dicecHon of velocity 
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13. Consider the curve above. Two parametrizations with the same orientation are 
given. Which of the following properties are parameter (in) dependent? 


parameter |A| dependent or D independent? 


direction of velocity at B —— Ma noms 
speed at B [m c 


time to get from A to C = 


arclength from Ato C = -eA 


EN es E See Zora has decided to amuse herself by launching zom- d 1 

ae VE bies into the air using the Zombiechet 3000. This Need to N d. (C e) D N > a 

1 Zombie fli Sg = ii machine is a trebuchet. MN Q E a In E t 7 
ie This ion h I additional h P "A EE 
i 1 question has several additional parts that are 
"M d worth doing, see 2020 exam. They lead up to the | % N al 1 Q^ “lo 


^ H H 
SSA na? following question: 


14. At B, the zombie leaves the trebuchet, which lo ger NN el foc "CC 


then has no more influence on the zombie's 
Ds 


rajector e Zombie's velocity a a 4 A ar Por 
en os DEN - E LO) ate re x3 ipm Y 


ground 


mg 0 
à 


(r resistance/drag, but include gravity in your calculation 
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